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Abstract

Whole cell biosensors, which have been genetically engineered to respond to environmental stress, trigger a sequence of processes,
which leads to generation of electrical current. This work presents a mathematical model describing the kinetic properties of the bacterial
enzymatic reactions in response to toxic chemicals, and the resulting electro-active molecule diffusion to the electrode in a miniaturized
electrochemical cell. The model characterizes the generated electrical current as a function of bacteria and toxicant concentrations, elec-
trochemical cell dimensions and electrode dimensions. A model was framed for a 100 nL spherical electrochemical cell. Its performance
was simulated and compared to experimental data. This simulation results agreed well with the measured data and therefore it should be
useful in predicting current variations in similar systems with different geometries, materials and biological components.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Bacteria based biosensors systems can be defined as elec-
tronic measurement devices that use living cells as sensing
elements. They can detect a signal and also record, process
and analyze the obtained information. The significance of
these ‘whole cell’ biosensors lies in their capability to pro-
vide functional physiological information regarding the
effect of chemicals on living systems. Conventional sensors,
such as molecular, enzymes or DNA sensors, are based on
specific interactions and structural recognition within the
biological material, thus, they can only identify and quan-
tify anticipated chemicals.

The bacteria based biosensors can be applied in many
fields, including health care and medical applications, phar-
maceutical screening and environmental monitoring.
0022-0728/$ - see front matter � 2006 Elsevier B.V. All rights reserved.
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Several detection methods, suitable for a specific biolog-
ical assay, can be employed, including colorimetric, fluores-
cent, luminescent, and electrochemical detection [1]. In this
present study, we utilized the electrochemical detection
method, which proved to be simple, sensitive, provides fast
response time and can be performed using compact and
mobile equipment [2]. The portability of such a system is
essential for on site environmental monitoring, and for var-
ious medical applications.

In this work, we present a mathematical model of an
experimental biosensor system [3]. The experimental sys-
tem composed of a 100 nL electrochemical cell that was
fabricated on a silicon chip containing genetically engi-
neered E. coli bacteria in an aqueous solution. These bacte-
ria have been tailored to respond to general chemical stress.
The cascade of mechanisms by which E. coli bacterial reac-
tions to toxic chemicals are electrochemically converted
into electronic signals have been previously reported [4–6]
and are illustrated in Fig. 1.
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Fig. 1. Flowchart of the bio-electro-chemical reactions: water sample to
be tested is introduced to genetically engineered bacteria. The bacteria
react to a presence of a toxin by activating specific promoter (regulatory
DNA sequence). This promoter induces the production of the reporter
enzyme b-galactosidase. The enzyme reacts with the PAPG substrates to
produce two different products: p-aminophenol (PAP) and b-D-galacto-
pyranoside. The electrochemical active products, the PAP molecules, are
oxidized on the working electrode in the electrochemical cell at 220 mV. In
this experiment, we used the Amperometric technique.
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Various mathematical models have been developed for
different electrode geometries and for different biosensors
[7–9]. However, a mathematical model describing the diffu-
sion of electroactive molecules in 3D electrochemical cell,
resulting from the reaction of recombinant bacteria to tox-
icant in water has not so far been reported.

In this paper, we modeled a unique structure of whole
cell electrochemical biosensor in an effort to establish the
fundamental system parameters that will allow designing
with different cell structures and electrode geometries.

This model is also essential in the process of understand-
ing and verification of the experimental results. Moreover,
the proposed model can be beneficial in planning other
bacterial based biosensors for different applications.
1.1. Biochip system

The system that is modeled in this paper includes two
units: (1) a disposable silicon chip containing an array of
nano-volume electrochemical cells that house recombinant
bacteria, and (2) a reusable unit that includes a multiplexer
and a potentiostat connected to a pocket PC for sensing and
data analysis. In this paper we model a single 100 nL elec-
trochemical cell that contained many (typically 107)
microbes. A fixed potential was applied between the embed-
ded working and reference electrodes by the potentiostat,
and the output current signal was measured. An aqueous
solution containing the bacteria, bacterial nutrients, a sub-
strate that enabled the enzymatic reaction (p-aminophenyl-
b-D-galactopyranoside (PAPG)) and the toxicant was
placed in the electrochemical chamber on the chip. The tox-
icant interacts with the bacteria, and as a result, the recom-
binant E. coli bacteria produce the enzyme b-galactosidase,
which reacts with the substrate p-aminophenyl-b-D-galacto-
pyranoside (PAPG). The electrochemically active product
of the enzymatic reaction, p-aminophenol (PAP) departs
from the bacteria and oxidizes on the working electrode.
The oxidation at the electrode is translated to a current sig-
nal (for more details see Ref. [10]).

1. The starting point (t = 0) of the experiment is when the
solution was inserted into the chip chambers. The solu-
tion was inserted immediately (�1 min) after mixing the
bacteria, the substrate PAPG and the toxicant.

2. We neglected drift, as the molecules are neutral, and
convection since the solution is static and there is no
fluid flow during the short measurement time.

3. We will consider all the reactions that occur in the bac-
terial system using a set of state equations that deter-
mine the system response. This approach assumes that
the biological material response is determined by the
various inputs and the state of the microbes, i.e. we
assume a deterministic system. This is an approximation
since the microbes themselves can vary between batches.
However, we assume that the average response can be
treated using a system approach. The system’s inputs
are the bacterial concentration, substrate (PAPG) con-
centration and toxicant concentration. The system’s out-
puts are the time dependent PAP concentration and the
measured current under fixed potential.
2. Kinetic model of biological reactions

In order to characterize the generated current in the bio-
sensor system, first we express the kinetics in which the
PAP molecules are generated. Next, the diffusion model
of the PAP molecules towards the working electrode will
be developed. The integral of the flux over the electrode
area is the total current I(t).

The Michaelis Menten model [11] describes an enzyme–
substrate interaction and its kinetic characteristics. Using
this model, the enzyme–substrate reaction is described as
follows:

Eþ S ¢
k1

k2

ES!k3
Eþ P ð1Þ
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where E is the enzyme b-galactosidase, S is the substrate
PAPG, ES the enzyme–substrate complex and P is the
product PAP + D-galactose. k1 is the rate constant in which
E combines with S to form the ES complex. The ES com-
plex has two possible reaction paths. It can dissociate to
E and S, with a rate constant k2, or it can proceed to form
a product P, with the rate constant k3. The rate of the reac-
tion (V) is defined as

V ¼ k3½ES� ð2Þ
The concentration of the uncombined enzyme, [E]Free, is

equal to the total enzyme concentration, [E]Total, less the
concentration of the enzyme–substrate complex [ES].

½E�Total ¼ ½E�Free þ ½ES� ð3Þ
In the present model we have an excess amount of

molecular substrate (PAPG), thus, most of the time the
enzyme binding receptors are saturated with substrate.
Therefore, the enzymes appear as enzyme–substrate com-
plex [ES], and the amount of the free enzyme [E]Free is neg-
ligible. Therefore

½E�Total ¼ ½ES� ð4Þ
Combining Eqs. (2) and (4) yields the velocity of the

enzymatic reaction

V max ¼ K3½E�Total ð5Þ
The same equation is obtained according to the Michae-

lis Menten model, in the extreme case when the enzyme
sites are saturated with substrate, which means that [S] is
much greater than Michaelis constant (Km), which is
defined as Km = (k3 + k2)/k1. In that case [S]/([S] + Km)
approaches 1. Thus, Vmax = k3[E]Total.

Note that the Michaelis Menten model assumes steady-
state. In steady state, the rate of formation and breakdown
of the ES complex are equal and not time dependent. In
our model, the time constant of the enzymatic reaction
(between the enzyme and the substrate) is much shorter
than the time constant of the enzymes production rate.

Consequently, the velocity of the enzymatic reaction is
linearly dependent on the enzyme concentration. The rate
of the enzyme b-galactosidase [E] production is unknown.
A simple model would assume that the enzyme production
rate is constant and proportional to the toxicant concentra-
tion, in some concentration range. A further logical
assumptions is that the enzyme production rate reaches
its maximal level at maximum toxicant concentration.
Above this critical toxicant concentration, cell function
deteriorates until they die. The following equations result-
ing from combining this assumption with the previous
kinetics equations:

d½E�
dt
¼ a � ðcellsÞ � ½toxicant� ð6Þ

where a is the rate constant with 1/s units. The enzyme pro-
duction rate is a function of the toxicant concentration,
and the bacteria concentration.
The product concentration depends on the velocity of
the enzymatic reaction:

d½P �
dt
¼ V ð7Þ

where [P] is the product concentration [PAP] and V is the
velocity.

Combining Eqs. (2), (4) and (5)

d½P �
dt
¼ K3½ET� ð8Þ

Combining Eqs. (6) and (8)

d½p�
dt
� K3 � a � ½cells� � ½toxicant� � t ð9Þ

The product concentration is time dependent and pro-
portional to the maximum rate of the reaction (Vmax), bac-
terial concentration and toxicant concentration.

The optimal activity of the bacteria is under their ‘‘log
phase’’ conditions [12]; in that case, the signal is propor-
tional to the bacterial concentration. In addition, we
assume that the bacterial concentration remains constant
during the experiment (up to 10 min).
3. Kinetic model of the electrochemical reactions

3.1. Electrolyte diffusion simulation

In order to calculate the current flow as function of time,
we simulated the diffusion of the PAP molecules [P], with
concentration C0(r,z,t), in a chamber where a disk electrode
lays at the origin. Those molecules are oxidized on the
working electrode surface, and consequently, generate a
current signal. Each PAP molecule discharges two elec-
trons. The concentration of the electro-active species is
assumed nearly zero at the electrode surface. We also
assume that the current is totally controlled by mass trans-
fer and by the kinetics of the reactions in the solution away
from the electrode.

The electrochemical cell has a cylindrical symmetry;
therefore, we can reduce the system from 3D to 2D by writ-
ing the diffusion equation in cylindrical coordinates.

Eq. (10) presents the electrolyte diffusion in a cylindrical
coordinates system according to Fick’s second law, where
D0 is the electrolyte diffusion coefficient and f(t) is the elec-
trolyte production rate.

oC0ðr; z; tÞ
ot

¼ D0
o

2C0ðr; z; tÞ
or2

þ 1

r
oC0ðr; z; tÞ

or
þ o

2C0ðr; z; tÞ
oz2

� �

þ f ðtÞ
ð10Þ

To solve Eq. (10) numerically we supply the following
initial and boundary conditions;

C0ðr; z; 0Þ ¼ 0 ð11Þ
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Fig. 2. Cell dimensions: r0 = 150 lm, rchamber = 560 lm, hchamber =
100 lm, working electrode height = 200 nm.
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Eq. (11) indicates that at t = 0, there were no PAP mol-
ecules in the reaction chamber. Assuming full oxidation of
the electrolyte at the electrode, we demand Eq. (12), where
r0 is the electrode radius.

C0ðr; 0; tÞ ¼ 0 for ðr 6 r0Þ ð12Þ

There is no internal or external flux of electrolyte
through the chamber edges and no oxidation of the electro-
lyte outside of the electrode

oC0ðr; z; tÞ
oz

����
z¼0

¼ 0 where ðr > r0Þ ð13Þ

oC0ðr; z; tÞ
oz

����
z¼zmax

¼ 0 ð14Þ

oC0ðr; z; tÞ
or

����
r¼rmax

¼ 0 ð15Þ

The axial symmetry imposes zero radial flux at the z axis

oC0ðr; z; tÞ
or

����
r¼0

¼ 0 ð16Þ

Eq. 10 was solved numerically on a grid of 20 · 130 cells,
with a time step of 0.001 s. Second derivatives were imple-
mented using the four nearest neighbors.

3.2. Electrolyte flux and current calculation

Once the electrolyte concentration is known, we may
proceed to calculate the electrolyte flux at the electrode,
and the current that is produced when the electrolyte is oxi-
dized at the working electrode.

The electrolyte molecule flux at the electrode
J 0ðr; z; tÞ molecules

cm2 s

� �
, driven by the gradient in the electrolyte

concentration near the electrode

~J 0ðr; z; tÞ
molecules

cm2 s

� �
¼ �D0rC0ðr; z; tÞ ð17Þ

We can neglect the radial flux component since the elec-
trode height is very small compared to other cell dimen-
sions. Thus, we left just with the z component of the
gradient in Eq. (17). This leads to the following derived
equation for the flux at the electrode:

~J 0ðr; z; tÞ ¼ �D0
oC0ðr; z; tÞ

oz
� ẑ ð18Þ

We may now translate the electro-reactive molecules
flux into an electron electric-flux Jðr; tÞ Amp

cm2

� �
~J

Amp

cm2

� �
¼ q � n �~J 0 ð19Þ

Jðr; tÞ ¼ n � F � J 0ðr; tÞ ð20Þ

where q is the electron charge, F is Faraday constant and n

is the number of electrons that are exchanged at the elec-
trode per molecule of the electro-reactive by-product
(PAP) during the oxidation process. Finally, we integrate
the flux over the electrode area to get the total current I(t).
IðtÞ ¼ 2p
Z r0

0

r �~Jðr; z; tÞ � n̂ � dr ð21Þ

where n̂ is a unit vector normal to the electrode. This vector
is vertical on the top side of the electrode.
4. Results and discussion

4.1. Experimental procedure

Genetically engineered bacteria were used as whole cell
sensors to detect acute toxicity in water. We used recombi-
nant E. coli bacteria bearing plasmid with one of the fol-
lowing promoters: Dnak, grpE or fabA. These promoters
were fused to the reporter enzyme b-galactosidase
[3,5,13]. Bacteria cultures of 3 · 107 cells/ml were used
for all experiments. Different concentrations of ethanol
(0.5–2%) or phenol (1.6–16 ppm) were introduced to the
bacterial suspensions in the presence of the substrate
PAPG. The substrate, PAPG, was added to a final concen-
tration of 0.8 mg/ml (100 nL total volume). Immediately
thereafter (�1 s), the suspensions were placed in the elec-
trochemical cells. The response of the bacteria to the toxic
chemicals was measured on-line by applying a potential of
220 mV. The product of the enzymatic reaction (PAP) was
monitored by its oxidation current. Additional measure-
ments in the absence of the bacteria were performed to
exclude the possibility of electroactive species in the nutri-
ents medium, in the substrate, or in the substrate and the
nutrients medium mixture, which can contributes to the
current response. The substrate was present in an excess
amount. Thus, any change in the amount of product
formed over a specified period of time was dependent only
upon the level of enzyme presented. The amount of enzyme
present in the reaction is measured by the activity it cata-
lyzes. The relationship between activity and concentration
is affected by many factors such as temperature, pH, etc.
In this model, based on experimental results, these factors
are optimal and constant. For more experimental details
and results see [3]. Fig. 2 shows the chamber dimensions.
4.2. Simulation results

The simulation was run with simulation step of 0.1 ms
for 600 s. Comparing the concentration profiles at different



Fig. 3. Concentration profile of the PAP molecules after 1 s (left) and after 600 s (right). Since a and Vmax of Eq. (9) are unknown – the concentration units
are arbitrary. Chamber dimensions: radius 560 lm; working electrode radius 150 lm; chamber height 100 lm: diffusion coefficient 2 · 10�5 cm2/s.
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times (Fig. 3) shows that the shape of the profile evolves
rapidly – after 1 s, the shape of the concentration profile
of the PAP molecules is similar to the shape that stabilizes
after 600 s. This indicates that the enzyme production func-
tion changes slowly compared to the kinetics of the diffu-
sion, which means that the limiting factor in the reaction
is the enzyme production rate.

The model and the experimental results are compared in
Fig. 4, which shows the fitting to experiments in which three
different concentrations of phenol (1.6 ppm, 8.3 ppm and
16 ppm) were introduced to the recombinant E. coli bacteria
[3]. We assumed a linear production function. Since the
multiplicative factor a Æ Vmax in Eq. (9) is unknown, we fit
the data so that the value of the simulation current and
the experiment current would be the same after 400 s. This
is a fit of a single multiplicative parameter. The diffusion
Fig. 4. Comparison between model simulation and experimental results.
The experiments were performed using recombinant E. coli containing a
promoterless lacZ gene fused to promoter grpE exposed to increasing
concentrations of phenol. The bacteria cultures with the substrate PAPG
and the phenol were placed into the 100 nL volume electrochemical cells
on the chip immediately after the phenol addition.
coefficient D0 = 2 · 10�5 s/cm2 was found to achieve best
fit between experiment and simulation; this value agrees
reasonably well with possible diffusion coefficient values
for bio-chemical solutions such as in our experimental sys-
tem. This is the only fitting that was done. The fitting results
are shown in Fig. 4, and indicates that both the simulation
and the experimental results exhibit close to linear behavior
after 70–80 s, and both exhibit some bending at the begin-
ning of current production. This bending represents mostly
the time it takes for the diffusion processes to follow the rate
at which the molecules are produced in the cell. Another
possible cause for deviation from linearity at the beginning
is the possibility of some variance in the time at which dif-
ferent cells have started their enzyme production, but given
the excellent fit of the model to experiment – there is no need
to assume such variance in enzyme induction time.

To gain more insight from the model, we investigate the
current response to variation of the working electrode
radius, chamber height and chamber radius; in each case,
we change one parameter while keeping all the others at
their original values. We introduce a step function in the
electrolyte production rate, which means that for
t < 100 s there was no enzyme in the chamber and for
t > 100 s there was a constant level of enzyme in the cham-
ber. In Fig. 5 we show the current response to a step func-
tion for different choices of electrode radius. This figure
indicates that the larger the radius of the electrode, the
response time is faster. It should be noted that the round
bending in Fig. 5 and the deviation from linearity in
Fig. 4 are both result of the speed of diffusion process.
The difference between the figures is a result of supplying
different source functions, in Fig. 4 this is a linear function
that simulates the kinetics of the system, while in Fig. 5 it is
a step function that makes it easy to note the response
curve of the system. It is evident that the maximal current
is the same for all electrode choices – this makes sense
because in the steady state the amount of molecules that
are removed at the electrode should be equal to the amount
of molecules that are produced in the cell. A meaningful
parameter that can be measured is the time it takes to reach



Fig. 5. Current response to a step function for different electrode radius;
electrode radius units are in lm.
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half the steady state height. In may be seen in Fig. 5 that
the bigger the electrode radius – the shorter the response
time. The response time of electrode radii of 300, 150
(the actual experimental system) and 50 lm reached half
of the height after 14, 55, and 200 s, respectively. Those
results are summarized in Fig. 6a.

We further investigated additional factors that may
influence the response of the system. Fig. 6b shows the
dependence of the response time on the chamber height.
We note that the bigger the cell height the longer the
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Fig. 6. (a) Variation of response time vs. working electrode radius, (b) variati
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response time. An interesting finding is that the log–log
graph of the response time deviates from linearity at a
height of 150 lm (our default size for the electrode radius),
the same phenomenon happens with the electrode radius of
100 lm (our default value for chamber height). We explain
both phenomena by the fact that above those value the rel-
evant parameter becomes the dominant factor (either
chamber height or electrode radius) and then there is a sim-
ple dependence of the response time that is linear in the
log–log graph. Below those values the response is domi-
nated by both parameters and hence we do not see a simple
relation. Furthermore, it is important to note that the elec-
trode radius affects the response more than the chamber
height this can be seen by the values of their respective
slopes (�2.45 and 1.16).

Another parameter that we checked is the chamber
radius. Here we note a simple linear relationship in the
log–log graph (Fig. 6c).
5. Conclusions

The present work describes a numerical model, which
developed to describe the kinetic processes in a miniatur-
ized electrochemical biosensor system resulting from spe-
cific enzymatic reaction and diffusion field. This model
shows excellent agreement with the measured data and
therefore, is should be useful to predict further current
variations in similar systems with different geome-
tries, materials and biological components. The model
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demonstrates the benefit of utilizing a miniature electro-
chemical cells. The relationship between different chamber
parameters (such as cell radius and height and electrode
radius) were investigated.

Furthermore, the agreement between simulation and
experiment validate of both the model for the kinetics of
the PAP production described by Eq. (9) and the model
for the diffusion of the PAP molecules.
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